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Abstract 

We examine Killing spinor equations of the general IIB pp-wave backgrounds, 
which contain a scalar H(x"^, x~) in the metric and a self-dual four-form ^{x^, x~) 
in the self-dual five-form flux. Considering non-harmonic extra Killing spinors, we 
find that if the backgrounds admit at least one extra Killing spinor in addition to 
16 standard Killing spinors, backgrounds can be reduced to the form with H = 
Amn{x~)x^ x^ and modulo coordinate transformations. We examine further 

the cases in which the extra Killing spinors are characterized by a set of Cartan 
matrices. Solving Killing spinor equations, we find IIB pp-wave backgrounds which 
admit 18, 20, 24 and 32 Killing spinors. 



1 Introduction 



After the advent of the maximally supersymmetric IIB pp-wave background P] , pp-wave 
backgrounds have attracted renewed interests among other supergravity solutions. It was 
shown j2] that the Green-Schwarz superstring on the maximally supersymmetric IIB pp- 
wave background is exactly solvable in the light-cone gauge and the full string spectrum 
has been obtained. Considering the large N limit corresponding to the Penrose limit jS], 
AdS/CFT correspondence has been examined beyond the supergravity level. 

General pp-wave solutions of IIB supergravity admit at least sixteen standard Killing 
spinors. At a special point in the moduli space, the background turns out to be the max- 
imally supersymmetric pp-wave solution which admits sixteen extra Killing spinors in 
addition to the sixteen standard Killing spinors, and thus maximal thirty-two supersym- 
metries. This background is a Penrose limit of the AdSs x background [S], and the 
corresponding super-isometry algebras are related by an Inonii-Wigner (IW) contrac- 
tion. In addition to the cases with sixteen and thirty-two supersymmetries, it has been 
shown that there exist pp-wave backgrounds which admit 20, 24 and 28 Killing spinors 

011 cni Ellis ■ 

For eleven-dimensional supergravity, the maximally supersymmetric pp-wave solution 
called the Kowalski-Glikman (KG) solution was obtained in ^^E]- This background is a 
Penrose limit of the AdS4/7 x S'^^'^ backgrounds , and the corresponding super-isometry 
algebras ^Hj are related pH] by IW contractions. It has been shown that there exist 
non-maximally supersymmetric solutions with 18, 20, 22, 24, 26 supersymmetries f7\ IT7\ 
IHllIHllini- For the type-IIA supergravity theory, the maximally supersymmetric pp-wave 
solution does not exist [201 • The non-maximally cases were found in pT | IH|IT? H ll H l ^ l^. 
For the lower dimensions, the maximally supersymmetric pp-wave solutions were found 
in |2ni for five- and six-dimensions, and in for four-dimensions. 

In , a uniqueness of eleven-dimensional pp-wave solutions with extra supersymme- 
tries was discussed. Examining Killing spinor equations of the general eleven-dimensional 
pp-wave backgrounds, which contain a scalar H{x"^,x~) in the metric and a three-form 
^{x"^,x~) in the flux, it was shown that if the backgrounds admit at least one non- 
harmonic extra Killing spinor characterized by mutually commuting projectors in addi- 
tion to the standard 16 Killing spinors, backgrounds can be reduced to the form with 
H = ATnn{x~)x"^x"' and C,{x~), modulo coordinate transformations. One of main purpose 
of this paper is to prove the similar uniqueness theorem for IIB pp-waves. 

We examine Killing spinor equations of the IIB pp-wave background with a self-dual 
Ramond-Ramond (R-R) five-form flux, 

ds^ = 2dx+dx- + H{x"',x-){dx^f + {dx^f, 
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F = dx- Aax'^,x-), ^ = *s^ (1.1) 

where ^ is a self-dual four-form on the transverse spanned by x*". We show that the JIB 
pp-wave background p.lj) is highly restricted if there is at least one non-harmonic extra 
Killing spinor, so that H = Amn{x~)x^x'^ and modulo coordinate transformations. 

We further examine Killing spinor equations and consider two types of S,- One is related 
to the Kahler form of a Calabi-Yau four-fold with SU{A) holonomy, and the other is the 
self-dual Cayley four-form of = 8 Riemannian manifold with Spin{7) holonomy. The 
former case can combine Neveu-Schwarz-Neveu-Schwarz (NS-NS) and R-R three-forms 
and has been examined well. Examining the latter case, we find JIB pp-wave solutions 
which have not been given in the literature yet, as long as we know. Our solutions admit 
18, 20, 24 and 32 supersymmetries. The pp-wave solution with 32 supersymmetries is 
shown to be related to the solution given in pP by a coordinate transformation. 

This paper is organized as follows. In the next section. Killing spinor equations for 
the background ()1.1|) is derived. In section 3, we prove a uniqueness theorem which states 
that H{x~,x"^) and ^{x~,x"^) can be reduced to Amn{x~)x"^x"' and ^{x~), respectively, 
modulo coordinate transformations, provided that the background admits at least one 
non-harmonic extra Killing spinor in addition to the standard sixteen spinors. We further 
examine Killing spinor equations for the cases in which extra Killing spinors are charac- 
tereized by mutually commuting projectors in section 4. IIB pp-wave solutions with extra 
supersymmetries are given in section 5. The last section is devoted to a summary and 
discussions. 



2 Killing spinor equations 

The general IIB pp-wave background we consider is 

ds^ = 2dx+dx~ + H{x'^,x-){dx-f + {dx"'f, (2.1) 
F = dx" A^(x",x-), ^ = *8^ (2.2) 

where both a scalar H and a self-dual four- form ^ on spanned by x"^, are functions of 
x~ and x™. This is a supergravity solution when 

32 

A-ff = -^^klmn^ (2.3) 

where A is the Laplacian on E®. The frame one-forms defined by ds'^ = 2e^e~ + e^e^ are 
e" = dx-, e+ = dx+ + ]^H{x''\ x")c/x", e'" = dx'^ (2.4) 
and thus the spin connection is 

w"^m = ^dmHdx~. (2.5) 



Killing spinor equations for general IIB backgrounds with a R-R five-form field strength 

Fmi---Ms 

Vm£ = (Vm - ^M)e = 0, 

Vm = 9m + ^w^r^b, Qm = -^FML,...ur'^'-''\ (2.6) 

reduce on this pp-wave background to 

d+e = 0, d-S-^dmHr'^r+s = fl_s, dmS = nrnS, (2.7) 

where 

— ^^roT-f, f^— — i^, ^ — ^^P<?''s-^^^ ' — '^Cmpqr^^'^ ■ (2-8) 

It is convenient to introduce the eight-dimensional gamma matrices 7™ G Spin{8) 

To = I16 (2) i(72, Tg = I16 (Ti, = 7m <8) (73. (2.9) 
Defining the light-cone projection operator as 

^±-^r±r^, r± = -^(r9±ro), (2.10) 



the complex Weyl spinor e decomposes into 



Defining the chirality projection operator as 

h+ = ^{l + T^^), Tn = roi2...9 = 712...8 ® (2.12) 
the positive chirality condition, h+e — s, implies that 

7i2...8£± = ±£±, (2.13) 

which halves the 32 complex components of e into 16 complex components. is called 

the standard Killing spinor which exists on the general pp-wave backgrounds, while 6- is 
the extra Killing spinor. Defining ^ and as 

= ^6mnp7^"^"^ im^ymnp,r'', ^ = i ^ I, %n = ^ C7„ (2.14) 



the Killing spinor equations are expressed as 



d+e+ = 0, (2.15) 

d-e+ - —dmH-fmS- = -i(f£+, (2.16) 

dme+ = -i^ims-, (2.17) 

= 0, (2.18) 

= 0, (2.19) 

d^e- = 0, (2.20) 



where we have used the fact ^e^ = 0, which follows from the self-duality property of ^, 
fl2.2|l . and the positive chirality property of ()2.13|1 . 



3 Uniqueness 

In this section, we examine Killing spinor equations ()2.15|) - ()2.20j) and derive conditions 
on H and ^, providing that there exists at least one extra Killing spinor. 

It follows from eqns. ()2.18|) . ()2.19|) and ()2.20p that e_ is a constant spinor. Eqn. ()2.15j) 
implies that £+ must be independent of x~^. Acting 7™ on ()2.17|) . one finds 

7"^9^£+ = (3.1) 

because •y^^^m^- = 4^6- = 0. Further acting 7"'(9„ on this equation, we find that e+ obeys 
the Laplace equation 

drnd'^e^ = 0. (3.2) 

It follows that e+ is linear in at most, up to a harmonic function. In this paper, we 
concentrate on the non-harmonic function part.^ We can thus write as 

e+ = Eoi^^) + £mix~)x"^ (3.3) 

where Eq and Em are functions of x~ only and eqn. p.l7|) becomes 

Em = -i\Piime-. (3.4) 



Because one can show that 



this equation becomes 



i^E_ = ~(-frn£- (3.5) 



£m = i^i'JmS-- (3.6) 

Since Em depends only on x~ and £_ is a constant spinor, ^7mIP must depend only on x~ 
for all m, where P is a projection operator to non-trivial extra Killing spinors defined by 

Fe-=E-, ¥e- = 0, P + P = I. (3.7) 

Because P is constructed in terms of gamma matrices as will be seen in the next section, 
the term ^7mIP is equal either to <fP7m for a certain set of m or |'P7m for the rest of m. 
"'^PP-wave backgrounds which admit harmonic KiUing spinors were extensively discussed in [26) . 
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The former (latter) case implies that (^P) depends only on x~ , and thus ^ depends 
only on x~ . It follows from ()2.16|) that dmH must be linear in at most, and thus H can 
be written as H = f {x~) + gm{x~)x"^ + A where /, Qm and Amn are functions 

of X". As was done in i2^, one can show that f\x^) and gm{x~) can be absorbed by a 
redefinition 

x^ =y+ ~F{x-)-G„,{x-)y^, x"^ = y"^ - H^{x-), (3.8) 
where F, G and H satisfy 

-dF + ^/ - g^H"^ + ^A„„if"if" + ^{dH'^f = 0, (3.9) 

-dOm + - Amni^" = 0, (3.10) 

-Gm-dH^ = Q, (3.11) 

and the line element reduces to 

ds^ = 2dy+dx- + Amn{x~)y'^y''{dx-y + {dy"'y. (3.12) 

The transformation ()3.8|) does not affect F = dx~ A C,{x'). In summary, we have shown 
that IIB pp-wave backgrounds which admit extra Killing spinors must be of the form 

ds'^ = 2dx+dx- + A^n{x~)x"'x''{dx-y + (c^x™)^ F = dx' A ^{x'), (3.13) 

modulo coordinate transformations.^ 

Amn{x~) and C,{x~) are restricted by ()2.16p . On the background ()3.13|) . eqn. ()2.16p 
reduces to 

d^Em - —A^mnl'^e- = -l^Em, (3.14) 

which becomes, substituting ()3.4j) into this equation, 

[id-i(m) - f(m) + il{m) " ^m]^- = D{m)£- = 0, (3.15) 

where 

8 

7-^(^) = ^7-, = -J2 ^^"7"^", = A^^. (3.16) 

n=l 

We examine this condition in the next section for the case in which -D(m) is expanded 
solely in terms of mutually commuting projectors. 



^It should be noted again that we are considering non-harmonic extra KiUing spinors. 
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4 D(^^^ expanded in mutually commuting projectors 

For non-maximally supersymmetric backgrounds, -D(m) must be a linear combination of 
projection operators. We restrict the study to the case in which D(^m) is expanded solely 
in terms of mutually commuting projectors.^ These projection operators are composed 
of a set of Cartan matrices, Hj, as P/ = |(I + Hj). Among infinitely many Cartan 
matrices, we consider Cartan matrices which are monomials of gamma-matrices, such as 
[^^1 where 7^^^ is an A^-th antisymmetrized product of gamma matrices. One 



Hi 



1 



finds that mutually commuting matrices 7'^^ must share a definite number of indices. We 
indicate the number of common indices shared among two of matrices below. 





^ni...n2j 




^ni...n2-,+i 


^mi...m2i 


0, 2, mm(2i, 2j) 


0,2, 


.., min{2i, 2j + 1) 


^mi...r7i2i+i 


0,2,...,mm(2i + l,2j) 


1,3,... 


min{2i + 1, 2j + 1) 



(4.1) 



The projection operators must commute with the chirality projection operator, so that 
matrices must commute with 'j^'^-^. We find that there are two sets of mutually commut- 
ing matrices; one is 



^,12 ^,34 ^56 ^,78 

7 ,7 ,7 ,7 

„ 1234 ^ 3456 „ 5678 „ 1256 ^ 1278 ^ 3478 

7 ,7 ,7 ,7 ,7 ,7 

^,123456 ^,123478 „,125678 „345678 

7 ,7 ,7 ,7 
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12345678 



(4.2) 



and the other is 



1238 1458 1678 2468 2578 3478 3568 
4567 2367 2345 1357 1346 1256 1247 

/ ?/ 5/ 5/ 5/ )/ )/ 5 
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12345678 



(4.3) 



The first set ()4.2|) can be related to the Kahler form J of a Calabi-Yau four-fold with 
SU{4) holonomy. The Kahler form J is covariantly constant dJ = 0. The terms in the 
first line of ()4.2j) are the constituents of J, and those in the second, third and fourth lines 
are the constituents of J A J, J A J A J and J A J A J A J, respectively. On the other 
hand, the second set ()4.3|) can be related to the self-dual Cayley four-form \1' of = 8 
Riemannian manifold with Spin{7) holonomy, which is covariantly constant (i\E' = 0. The 
terms in the first and second lines of ()4.3|) are the constituents of and those in the 
third line is the constituent of \E' A \E'. The relation between covariantly constant forms 
•^More general cases are studied in [22]. We thank the authors for explanation of their work. 
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and special holonomy groups is well known [28]. We find that there are three other 
possibilities to construct the self-dual four-form from invariant forms, which are shown 
to reduce to the self-dual Cayley four-form One is to use the associative three-form 
of c? = 7 Riemannian manifold with G2 holonomy and to make a wedge product of 
and a one- form, say e^. The self-dual four- form is obtained by adding eight-dimensional 
Hodge dual, *8, of A e*^ as A + *8(0 A e*^) = A + *70. This is nothing but the 
self-dual Cayley four-form Another is to use the seven- dimensional Hodge dual, *7, 
of 0. Again, the self-dual four-form turns out to be the self-dual Cayley four- form 
because *70 + *8(*70) = *70 + A e^. The third is to use the holomorphic (4, 0)-form VL 
of a Calabi-Yau four-fold with SU (4) holonomy. A self-dual four-form can be constructed 
as the real or imaginary part of fi, which turns out to be a part of the self-dual Cayley 
four- form 

Now D{jri) is a linear combination of projection operators, and thus must be constructed 
from these matrices. Noting that ^ = *8^, ^ turns out to be of the form 

i = ai(7l234 ^ ^5678) + ^^(^3456 + ^1278) + ^^(^1256 + ^3478) (4^4) 

for the former set ()4.2j) . while 

^ = 6,(^4567 ^ ^1238) ^ ^^(^2367 ^ ^1458) ^ ^^^^2345 ^ ^1678) ^ ^^^^1357 ^ ^2468) 

+5^(^1346 ^ ^2578) ^ ^^(^1256 ^ ^3478) ^ ^^(^1247 _^ ^3568) ^4^5) 

for the latter set ()4.3|) . A^n is restricted to be non-trivial only when m = n and (m, n) = 
(1, 2), (3, 4), (5, 6), (7, 8) for ()4.2|) . while only when m = n for ()4.3p . In the former case, 
^(m) for ()4.4|) and ^(^rn) are expressed as 



(m) 



where 



^^^i^ + /i^7'' + /^S't'' + (4.6) 



«! = (— ai, — ai, — ai, — Oi, -Foi, +ai, -Foi, +ai), 

"2 = (-Fa2, +(22, — ^2, — ^2, — ^2, — ^2, +^2, +02), 

"3 = -as, +^3, +03, -^3, -03, +^3, +03), 

/if"' = -/xf = ^.-i2i, ^ = 1,2, 3, 4. (4.7) 



In the latter case, ^{m) for ()4.5|) and ^(m) are expressed as 



^rn(^y567 _ ^1238^) _^ ^m(^^2367 _ ^1458^) _^ ^m(^^2345 _ ^1678^) _^ ^m(^^1357 _ ^2468-) 



+;5™(^1346 _ ^2578) ^ ^-(^1256 _ ^3478) ^ ;3™(^1247 _ ^3568) 
(m) = (4.^ 
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where 



A = 


{+bi,+bi, 


+&!,-&!, 




-bi, 


-bi, 




^2 = 


(+62, -&2, 




+&2, 


-&2, 


-b2, 


+&2), 


/33 = 


(+63, -63, 


-&3, -&3, 


-&3, 


+^3, 


+b3, 


+^3), 


A = 


(-64, +&4, 


-64, +&4, 


-64, 


+&4, 


-64, 


+&4), 


/35 = 


(-&5,+&5, 




+&5, 




+&5, 


+&5), 


/36 = 


(-66, -&6, 


+be,+bQ, 


-^6, 


-be, 




+&6), 


/St = 


(-67, -67, 


+&7, -^7, 


+&7, 


+b7, 


-&7, 





(4.9) 

In the following two subsections, we examine ()3.15|) for these two cases in turn. 
4.1 the case ( \4M 

In this case, all the matrices ()4.2|) can be constructed as products of four matrices, 7^^, 
7^^, 7^^ and 7''^. From these matrices, we make four rank-8 projection operators 



P3 = -(I + ^7''), 



^4= 2(1 + ^ 



78 ^ 



which satisfy 



P1 = Pa 



PaPb = PbPa, a, B = 1,2,3, A- 



We rewrite ()3.15jl in terms of these projection operators. Noting 7i2 -8^_ 
that 

i{m)£^ - l^ttl 7 +^«2 7 +^«3 7 

J. r- ^,,m^,12 I ,,m^,34 , ,,m^56 , , ,m^,123456\ ^ 



(4.10) 

(4.11) 
one finds 



(4.12) 



Because 



7 



1234 



7 



1256 



-(2Pi - I)(2P2 - I), 7'''' = -(2P2 - I)(2P3 - I), 

-(2Pi - I)(2P3 - I), 7'' = -^(2Pi - I), 7'' = -^(2P2 - I), 



,56 



7- = -z(2P3 - I), 7'''''' = ^(2Pi - I)(2P2 - I)(2P3 - I), 
^(m)£- and ^{m)£- in ()4.12|) can be rewritten as 



(4.13) 



^)e- 



- 2{aT + < + a™) + 4(a^ + a™)Pi + 4« + OP2 + 4(a^ + a™)P3 

- 8<PiP2 - 8a^PiP3 - 8a^P2P3 ] 

z(/ir + /i^ + 1^7 - /"DI - 2^(/ir - /iDA - 2^(/x^ - /ir)P2 (4.14) 

- 22(/X^ - OP3 - 4?/i™PiP2 - 42/i^PiP3 - 4i/X™P2P3 + 8^/i™PiP2P3 



+ 

+ 
+ 
+ 
+ 



Substituting these into ()3.15|) yields 

( - 2id-{aT + a™ + + + + - - 4« + + a'^f - A^) I 

'4i9_(a^ + a^) - 2z(/i^ - /i^) + 16a^(a7* + <)) P2 
[Aid.{a^ + «r) - 2z(/ig^ - /i^) + 16ar(«™ + o^z)) Ps 

8z9_a^ - - 32a^a™) P1P2 + ( - 8i9_a^ - 4i/i^ - 32a™a^) P2P3 
C - 32«r<) ^^3 + f82<) P1P2P3 



0. 



(4.15) 



In order to see which KiUing spinor survives, it is convenient to introduce rank-1 projection 
operators of a 16-component spinor onto the J-th component: 

Fi = diag{0, . . . , 0, 1, 0, . . . , 0). (4.16) 

The rank-8 projection operators Pa can then be expressed in terms of these rank-1 pro- 
jection operators as 

7=1,2, ..,8 /=1, 2,3,4,9,10,11, 12 

P3= Y Yl (^-i"^) 



7=1,2,5,6,9,10,13,14 



7=1,3,5,7,9,11,13,15 



The chirahty condition, ^i^- -^^ 



reduces to 



^(7--« + I).. 



= ^ ((2Pi - I) (2P2 - I) (2P3 - I) (2P4 - I) + l) 

Y P/^- = (4.18) 

7=1,4,6,7,10,11,13,16 

and thus non-trivial spinors are P/e_ with / = 2, 3, 5, 8, 9, 12, 14 and 15. Taking this into 
account, (j4.15|) becomes 

— Zto_[a^ + -I- 0:3 j -I- + + /^3 ~ > ~ 4(,ai + a2 + ) — ] li 



+ 


[ - Hf^T 




+ /i^ - /i^)) p 


2 








+ 


Uid. 


(«" 


+ «n 




+ 16a7^ 






) F3 


+ 


Uid^ 






-2z(^- + /i-) 


+ 16a^ 






) F5 


+ 


Uid- 


(«r 




-2^(/7r-/in 


+ 16a™ 


:«r 




) Ps 


+ 


Uid. 


("l 




-2^(/7- + /in 


+ 16a™ 


' m 
."l 




) Pg 


+ 


Uid. 


("l 






+ 16a^ 


f 

."l 




) P12 


+ 




("2 


+0 


-2^(/7--/in 


+ 16a^ 


f 

."2 


+ «3"^)^ 


) Pl4 



0. 



(4.19) 
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It follows that the coefficient of I in this equation must vanish in order to get a complex 
extra Killing spinor, Pi5£_. Because aj", ii^ and Am are real, this implies two equations 

~2d^ [ar + a^ + a^) + (/i^ + + ' f^T) = 0, (4.20) 
A^ = -4« + a^ + a^y. (4.21) 

Without loss of generality, we can take these equations as the conditions for the existence 
of a complex extra Killing spinor, because the condition for another spinor to be a complex 
extra Killing spinor is simply obtained by changing signs of a"^ and fi"^. The ffist equation 
^TK^ leads to 

' 3 ; I ) n = 1 2 3 4 f4 22) 

-2d^{af' + af' + af") + fil^ = 0, ' ' ' ' ^' ' 

from which we find that /i™ = 0, so that A12 = Au = A^q = Ais = 0, and 

9_(a™ + a^ + a™) = 0, (4.23) 

because, from ()4.7|1 . af^ = while /i^" = — Consequently Am must be inde- 

pendent of x~ , because the right hand side of (|4.21|) is independent of x~ from eq. (j4.23|) . 
Noting that a™ is related to in ()4.7j) . we find that eq. ()4.23j) leads to four differential 
equations for a^, 

(9_(ai — 02 — 0.3) = 0, (9_(— ai + a2 — 03) = 0, 

9_ (-ai - a2 + ag) = 0, a_ (ai + aa + ag) = 0, (4.24) 



which imply 



d_ai = d-a2 = d-a^ = 0. (4.25) 



This means that ^ is independent of x . The extra Killing spinors are determined as a 
non-trivial solution of 

( - 4« + < + -Am)l + 16«™« + O (P3 + P14) 
+16a™(a^ + a^) (P5 + P12) + 16a^(a^ + a^)P8 + P9) ] = 0. (4.26) 

which reveals the four-fold degeneracy of the extra Killing spinors. If ()4.2H1 is satisfied, 
¥26- and Pis^- are a pair of complex extra Killing spinors and the background admits 
20 Killing spinors, 16 standard and 4 extra Killing spinors. If, in addition, the coefficient 
of {Fj + Pi7_/), / = 3,5,8, vanishes, then FjE-, and Pi7_/e_ give a pair of additional 
complex extra Killing spinors. 
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The backgrounds with extra supersymmetries automatically satisfy the supergravity 
equation of motion ()2.3|1 because ()4.2H1 and ()4.4|1 lead to 



AH = 2 Am = -64{al + al + aj), 



m=l 



32 



(4.27) 
(4.28) 



4.2 the case dHHI) 



In this case, all the matrices ()4.3p can be constructed as products of four matrices, 7 



2367 



7 



1256 ^,1247 



7 and 7^^- -^. From these matrices, we make four rank-8 projection operators 



,1256n 



^2=2(1 + 7' y> 

P4 = ^(i+y^-«). 



(4.29) 



We rewrite (|3.15|) in terms of these projection operators. Because 7^2. .8^_ _ one 
finds that 



+ 2/3^7^346 ^ 2/3^7^256 ^ 2/?™7l247 



(4.30) 



Because 



4567 



-(2P2-I)(2P3-I), 7 



2367 



(2Pi-I), 



2345 



(2Pi-I)(2P2-I)(2P3-I), 7 



1357 



(2Pi-I)(2P2-I), 



7 



1346 



-(2Pi-I)(2P3-I), 7 



1256 



(2P2-I), 7 



1247 



(2P3 - 1) (4.31) 



i(m)£- in (!4.3Up can be rewritten as 

i{m)£- = 



- 2(/3r + + - (32" + + + PT) I 

+ A{P^ + - /3T + /3^) Pi + 4(/5r + (3^ - + P"^) P2 

+ 4(/?r + (3^ + (3^ + /5™) P3 - S{(3^ - (3T) P.P^ - 8iP^ + P^) P,P^ 

- 8(/3r + PT) P2P3 + ^Q^T P1P2P3 ] e- (4.32) 

Substituting this into ()3.15|) yields 

- 2id- {f3T + + - + + + PT) 
- 4 ( /^r + + - PT + + Pr + PTY-Am)i 
+ Utd.iPT + PT - PT + PT) + nP2 + PT - PT + Pr)iPT + Pt + Pi)] Pi 
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+ 
+ 
+ 
+ 
+ 
+ 



- 8zd^if3^ - PT) - 32(/53"^ - /3r)/?r - 32(/?r + /?6"^)(/52™ + /^s"^)) P1P2 



P2 



0. 



(4.33) 



Introducing rank-1 projection operators of a 16-component spinor onto the J-th compo- 
nent, 

P/ = (imc/(0, . . . , 0, 1, 0, . . . , 0), (4.34) 

the rank-8 projection operators P4 can be expressed in terms of these rank-1 projection 
operators as 

..,8 /=1, 2,3,4,9,10,11, 12 

P/, ^4= (4-35) 

7=1,2,5,6,9,10,13,14 7=1,3,5,7,9,11,13,15 

Noting that non-trivial spinors are P/e_ with 1 = 2,4, 6, 8, 10, 12, 14 and 16, because the 
chirahty condition is 

1 



Pi 
Ps 



7=1,2,, 



(7^^-« + I)£_ = P4£_ = 0, 



(4.36) 



()4.33|) reduces to 



- 4 ( + (31^ + (3^ - + + + /5™ ) 2 _ A„ ) 



I 



+ 
+ 
+ 
+ 
+ 
+ 
+ 



49_ (/?r + f3T + + (3?) + i6(/5r + /53"^ + (3^^ + /?7"^) (/^r - (^t + o j ^2 
49_ (/?r + /52™ + /^s"^ + p^) + i6(/5r + ^2 + /?5"^ + /?6"^) - PT + PT)) n 

4d. (/3r + - + 13?) + 16(/3r + ^? - + P?) iPT + P? + PD) 

49_(/?r + f^T - f^T + PT) + i6(/?r + - f^T + PT)i^^T + P? + ^T)) 

49_(-/3r + /3r + /36"^ + /^r™) + 16(-/3r + /55"^ + f^? + PT){PT + /^^"^ + f^T)) ^lo 

49_ (/3r + - + PT) + i6(/3r + - PT + PT) iPT + + PT)) ^12 

Ad. (/?r + + + P?) + 16(/5r + + /?5"^ + P^) {13^ - (3T + PT)) Pi4 



e_ = 0. 



(4.37) 
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Again the coefficient of I in this equation must vanish in order to give a complex extra 
KiUing spinor. Because /3f and Am are real, this implies that 

d_ + + (3^ - /?r + + (3^ + /3^) = 0, (4.38) 
Am = -4(/3r + PT + PT - PT + Pr + PT + PT?- (4-39) 

Consequently Am must be independent of x~, because the right hand side of ()4.39|1 is 
independent of x~ from eq. ()4.38|1 . Noting that P]^ is related to hi in ()4.9|1 . we find that 
eq. ()4.38|) leads to four differential equations for hi which imply 

d_hi = d-h2 = ... = 9_67 = 0, (4.40) 

which implies that ^ is independent of The extra Killing spinors are determined as a 
non-trivial solution of 

-^P'T + PT + PT-PT + PT + P^ + Pry-^m) I 
+16{PT + PT + PT + PT) {PT - PT + PT) P2 
+i6(/5r + /3r + P^ + P'^) {PT - PT + P?) P4 
+i6(/5r + PT - PT + PT){PT + PT + PT) n 
+iQ{PT + PT - PT + PT){PT + PT + PT) 
+iQ{-PT + PT + PT + PT){PT + PT + PT) ^lo 
+iQ{PT + /^g"^ - /^r + PT)iPT + /^g"' + PT) P12 

+ 16(/5r + /^g"^ + PT + /?7") (/^s" - PT + /?6") Pi4 ] = 0. (4.41) 

which again shows the two-fold degeneracy of the extra Killing spinors. If ()4.39j) is sat- 
isfied, Pi6£- is a complex extra Killing spinor and the background admits 18 Killing 
spinors, 16 standard and 2 extra Killing spinors. If, in addition, the coefficient of P/, 
I = 2,4,6,8,10,12,14, is zero, then Fje^ becomes an additional complex extra Killing 
spinor. 

Again, the backgrounds with extra supersymmetries automatically satisfy the super- 
gravity equation of motion ()2.3|) because ()4.39p and ()4.5|) lead to 

8 

^H=J2 2^m = -64(6? + hl + hl + hl + hl + hl + 6?), (4.42) 

m=l 

32 

- = -64(6^ + bl + hl + hl + hl + hl + 6?). (4.43) 

In summary, we have shown that IIB pp-wave backgrounds with a self-dual five-form 
R-R flux can be reduced to the form modulo coordinate transformations 

ds'^ = 2dx+dx- + Amx"'x"'{dx-f + {dx"'f, F = dx'A^, (4.44) 
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where and ^ are constants, if the backgrounds admit extra Kilhng spinors characterized 
by ()4.2|1 and ()4.3|1 . It is interesting to examine the cases in which the extra Kilhng spinors 
are characterized by more general Cartan matrices. 



5 IIB pp-wave backgrounds with extra supersymme- 
tries 

In the previous section, we have shown that Killing spinor equations reduce to ()4.2(ij) 
and ()4.41|1 . The former case admits NS-NS and R-R three- forms in addition to a self-dual 
R-R five-form and has been examined in the literature, whereas the latter case does not 
admit them and has not been examined well. We provide pp-wave backgrounds obtained 
by solving ()4.2(j|l and ()4.4H1 in this section. 

For the former case, ()4.2(j|l . one finds three classes of solutions. One is the maximally 
supersymmetric pp-wave background found in pP 



which means 



A^ = -A^^', m = l,...,8, ^ = Mt"^^ + 7^^"), (5.1) 



^ = fi{dx^ A dx"^ A dx^ A dx'^ + dx^ A dx^ A dx'^ A dx^) (5.2) 



because ^ = -^^imnpl''"^"'^ ■ We will use ^ below to indicate ^ for compact expressions. 
Another is the background with 24 supersymmetries 

Am = I ' ^^1; ^ i' ^' ^' !' i = l^iil'''' + l'''') + l^2{l'''' + l''''), (5.3) 

[ -4(/ii + /ia) , m = 3,4, 7,8, 

which is a subclass of solutions found in ^T]. The third is the 20 supersymmetric back- 
ground 

-4(-/ii + /i2 - /Ua)^, m=l,2, 

-4(-/ii - /i2 yU3)^ m = 3,4, 

-4(/ii - /i2 - /i3)^ m = 5,6, 
-4(/ii /i2 /i3)^ m = 7, 8, 
^ = /^i(7^^'' + 7^''')+/i2(7''^' + 7^^^^)+/i3(7^^^^ + 7''''), (5.4) 

which contains the above two backgrounds, 1)5.11) and ()5.3)1 . as special cases. 

For the latter case, ()4.41)1 . we find IIB pp-wave solutions, which have not been given 
in the literature as long as we know. Eqn. ()4.41)1 leads to two maximally supersymmetric 



Ajn 
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pp-wave backgrounds. One is the same as and the other is 

= -V, m = l,...,8, (5.5) 

^ = |( - (^567 ^ ^1238) ^ (^2367 ^ ^1458) ^ ^^1346 ^ ^2578) ^ ^^1256 ^ ^3478) j _ 

The self-dual four-form can be regarded as the real or imaginary part of the holomorphic 
(4, 0)-form of a Calabi-Yau four-fold with SU (4) holonomy. It can be shown that there are 
twelve Lorentz generators in this background, which is the same as in the 5*0(4) x 5*0(4) 
case dSHj). In addition, ^ in ()5.5|) satisfies the Pliicker-type relation and thus, as proven 
in 121], ^ must decompose into orthogonal pieces like ^ in ()5.1|) . These suggest that ()5.5|) 
can be related to 1)5.11) by a coordinate transformation. We show that this is the case^. 
Because ^ in ()5.5|) can be rewritten as 

i = f ((V - 7')(f - + - /) + (7^ + 7')(f + 7')(7' - 7')(7' + 7'))(5.6) 

^ in ()5.5j) is transformed to ^ in ()5.1)1 by the coordinate transformation 

This transformation does not change the metric, and thus we have rewritten ()5.5|) as ()5.H) . 

As non-maximally supersymmetric backgrounds, we find pp-wave solutions with 24, 
20 and 18 supersymmetries. The background 

-64/^2, m = l,3,5,7, 
-16/i2, m = 2,4,6,8, 

^( _ (^567 ^ ^1238) ^ ^^2367 ^ ^1458) _ (^2345 ^ ^1678) _ 2(^1357 ^ ^2468) 

+ (^1346 + ^2578) _ ^^1256 ^ ^3478) ^ ^^1247 ^ ^3568)^ ^ ^g^g) 



y4r 



Am 



admits 24 supersymmetries. We find three classes of 20 supersymmetric backgrounds, a 
four-parameter family 

-4(/ii - ;U3 - /i4)^ m=l,3, 

-4(/ii + /i2 + /i3 + /i4)^ m = 2,8, ^^g^ 

-4(/ii - /i2 + /i3 - /i4)^ m = 4,6, 

-4(/ii - /i2 - /is + /i4)^ m = 5, 7, 

^ = ^;(^2367 + ^1458) + ^^(^2345 + ^1678) + ^^(^1256 + ^3478) + ^^^^1247 + ^3568) 

and two three parameter families. 





' -4(2/ii 




m = 1, 3, 


■^m — ^ 


-16/i2, 




m = 2, 5, 7 




. -4(2/ii 


- 2/i2)^ 


m = 4,6, 



*We thank Jose Figueroa-O'Farrill for correspondence. 
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(5.10) 



and 



1,3, 



m 
, m 
m 

m - ^, ,, 



2,8, 
4,6, 
5,7, 



,1238n 



-16/i2, 

+/i3(7'^^'^ + 7'''')+/ii(7'''' + 7'''' 



+ /ii(7^''' + 7=^''') 



^^(^1357 + ^2468) 

(5.11) 



A 



These backgrounds can be obtained as special cases of the backgrounds with 18 Kilhng 
spinors 

= - 4(/ii + /i2 + /is + /i4 - yWs - Ai6 - yL^7)^ -4(yUi - /i2 - A^s - At4 + A^s - /^e - Ai7)^ 

-4(yUl - /i2 - /is + /^4 - /is + At6 + A^7)^ -4(-Ail + /W2 - /Ug - /i4 - /is + /ig - /i7)^ 
-4(-/ii + /i2 - /is + At4 + yU5 - yU6 + Ai7)^, -4(-/ii - /i2 + yUs - Ai4 - yUs - Ai6 + 7^7)^ 
-4(-/ii - Ai2 + /is + /i4 + yU5 + At6 - Ai7)^ -4(/ii + Ai2 + /is - /i4 + /is + /i6 + /i7)^ 

= /ii(7^^^^ + 7^''') + /i2(7'''' + 7^''') + /is(7'''' + 7^''') + /i4(7''" + 7'''') 



+/i5(7 +7 j+/i6(7 +7 j+/i7(7 +7 ) 



(5.12) 



6 Summary and Discussions 

We have estabhshed a uniqueness theorem which states that any IIB pp-wave background 
of the form ()2.2j] can be reduced to the form ()3.13j) modulo coordinate transformations, 
if there exist at least one non-harmonic extra Killing spinor. We examined further the 
cases in which extra Killing spinors are characterized by ()4.2p and ()4.3p . Examining 
Killing spinor equations, we found IIB pp-wave backgrounds which admit 18, 20, 24 and 
32 Killing spinors. 

It is interesting to examine the similar uniqueness theorem for pp-wave backgrounds 
of IIA supergravity and supergravities in lower dimensions. We expect that the similar 
uniqueness theorems can be established. 

We have seen that two sets of mutually commuting matrices ()4.2|) and ()4.3|) can be 
related to the Kahler form J of a Calabi-Yau four-fold with SU (4) holonomy and the 
self-dual Cayley four-form \I' of (i = 8 Riemannian manifold with Spin{7) holonomy, 
respectively. For eleven-dimensions [23], two sets of mutually commuting matrices were 
shown to be related to the Kahler form J of a Calabi-Yau four-fold with SU (4) holonomy 
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and the associative three-form oi d = 7 Riemannian manifold with G2 holonomy. These 
may suggest that Kilhng spinor equations for dimensional pp-wave backgrounds with 
flux can be reduced to those for {d — 2) -dimensional backgrounds without flux. If this 
is the case, a classification of pp-wave backgrounds with flux gets simplified. Further, it 
is interesting to try to construct {d — 2) -dimensional backgrounds with special holonomy 
from (i-dimensional pp-wave backgrounds with flux. 

We have seen that the pp-wave backgrounds which admit at least one extra Killing 
spinor automatically satisfy the supergravity equation of motion, which suggests that 
Killing spinor equations for backgrounds with extra supersymmetries have rich algebraic 
structures, just as those for maximally supersymmetric backgrounds. It is interesting 
to classify all non-maximally supersymmetric backgrounds which admit more than 16 
supersymmetries, as was achieved for the maximally supersymmetric case in |2()j . 
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